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1 Introduction

This document describes the Baum-Welch algorithm [1] for Markov Chains.

2 Preliminaries

We define a Markov Chain (MC) formally as follow:

Definition 2.1 (Markov Chain) A MC is a tuple (S, L, 7, T) where:
e S is a set of states,
e L is a set of observations,

o 7 := D(S) is the initial distribution i.e. the model starts in state s with
probability w(s) = ms,

o 7:5— D(L xS) is the transition function. The model moves from state
s to s’ generating ¢ with probability T(s)(¢,s) := Ts 0.6,

A path is a sequence in Paths = (S x £)*S representing a finite execution of
a MC M, and a trace is a finite sequence in Traces = L* representing a finite
execution of a MC for which we cannot see the states.
We denote by |p| the length of a path p, i.e. the number of observations in this
path, and by |o| the length of a trace o.
For i € Ny, we define X;: Paths — S, Y;: Paths — £, and O,: Paths —
Traces respectively as X;(p) = s;, Yi(p) = 4;, and O;(p) = €1 ---£;, where
p=(81,01)(s2,€2) - (Sn,ln)Sn+1 is a path.
We denote by D(2) the set of discrete probability distributions on Q. The Dirac
distribution concentrated at z is the distribution 1, € D(Q) defined, for arbi-
trary y € , as 1,(y) = 1 if z = y, 0 otherwise.

A path of length T can be built from a sequence v = s1...sp41 of states
and a trace 0 = ¢y ...¢p. A such path is o : v := s118202 ... STlrST41.



We denote by I(p; M) the likelihood of a path p under a model M, and by
1(0; M) the likelihood of a trace o under a model M. We have:
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Ups M) = 75, HT(St)(et; St41)
t=1
o; M) = > llo:y; M)
~yeSlel
Hence:
lel
Inl(p; M) =Inm,, + Zlnr(st)(&, St41) (1)

t=1

Now we define v,: S x {1..T+ 1} = [0,1] and &,: S x {1..T} x S — [0,1] as
Yo(5,t) = Pr'M[X, = 5|0 = o],
Eo(s,1)(s") = Pr/MX, = s, Xy 41 = §'|Or = 0]

Intuitively, v,(s,t) is the likelihood of being in state s at the t-th steps, and
&o(s,t)(s’) is the likelihood that the ¢-th transition is from s to s'.

We define the forward and the backward functions a,, 8o: Sx{1..T+1} — [0, 1]
as

(s, t) = prM Yii—1 =101 ..4_1,X; = s], and
Bo(s,t) = PrM [Yir = 4. . br| X = 8].

These can be calculated according to the following recurrences

m(s) ift=1
W(5:1) =4 N (st —1) - 7(s') (b,s) i 1<t<T+1

s'esS

1 ift=T+1
Bo(s,t) = > r(s) (e, s) - B(s 1) i 1<ELT

s'esS

Thus:
ae(8,t) Bol(s,t)
'Yo(S,t) = ZuES ao(u,t)ﬂo(u,t)

o(8,t) - 7(8)(4,8") - Bo(s',t+ 1)
> ues Qolu,t)Bo(u,t)

3 Baum-Welch for MC

On a given finite set O of traces, the Baum-Welch algorithm can be described
as repeating the two following steps until convergence:

Sols,1)(s") =



1. Compute Q(M’, M) = Z Z In ! MO 1(y]o; M),

v 0€O

2. Set M) = arg max Q(M’, M),
M/
Let M™ = (S, L, 7, 7) and M’ = (S, L, 7, 7).

First, noting that I(o : v) = l(0)l(y|o), we can write:

arg max Q(M’', M™) = argmax Z Zln MO 1(y|o; M™)
M 0e0 v
= argmaxz Zln Mo y; M™)
0e0 v

Plugging (1) into Q(M’, M(™) we get:
QM M™M) =3 "Indy, l(o: ; M™)

0e0 v
lo|
+ Z Z Zlnf'(st)(ét, se1) 1(0 2 ;3 M)
0cO v t=1

Now we optimise with Lagrange multipliers (I, and I, ). Let L(M’, M)
be the Lagrangian:

LM, M™) = Q(M',M™)

3.1 Estimation of 7
First, let focus on the m,’s:
OL(M', MM 9Q(M', M)
O N O

= 5= <Z Zlnw s1)l M(”))> — 1, =0




Hence:

Furthermore:
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By plugging (2) into (3) we get:

= Z ZZ(sl = s',o;./\/l(”))

o€ s’

And by plugging (4) into (2):

~ Zonl(Sl = 370;M(n))
Tg =

T Y co g (51 =8 0, M)
~ 20601(81 = 8|O,M(n))

s = Zoeo Zs’ l(s1 — S/|O;M(n))

Finally, using the previously defined coefficients:

e Zoeo Yo(8,0)
EOGO ZS'ES 70(517 0)

3.2 Estimation of 7

Now, let focus on the 754 5’s:

IL(M/, M)

a’f—s,l,s’

Hence:

Ts,l,s" =

Furthermore:

_ 2oec0 S (st = 5,501 = 8,0y M) - 14(0)
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AL(M’, M)
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By plugging (5) into (6) we get:

lo|

o= 33D st = 85001 = w, 0. M™) - 14(6)

0€0 ul t=1

lo|

S Yl s M)

0e0 t=1

And by plugging (8) into (5):

> 0cO 1 U(se = 8, 8001 = 8,0, M) - 14 (£,)

Tsl,s" =

Yoco St U(se = 5,0, M)
> oco 1|50:|1 st = s,5041 = 8'|o; M) - 1,(4y)
> 0c0 Z!‘,Ozll I(s¢ = s|o; M)

Finally, using the previously defined coefficients:

Ts,b,s' =

Y oeo o €5, 8)(s) - Le(£e)
ZOEO Ztltozll ZSES 70(’“» t)

Tsb,s" =
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