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1 Introduction

This document describes the Baum-Welch algorithm [1] for Markov Decision
Processes.

2 Preliminaries

We define a Markov Decision Process (MDP) formally as follow:

Definition 2.1 (Markov Decision Process) A MDP is a tuple (S, £, A, 7, {7(®} 4c )
where:

e S is a non-empty set of states,
e L is a non-empty set of observations,
e A is a non-empty set of actions,

7 := D(S) is the initial distribution i.e. the model starts in state s with
probability w(s) := ms,

7(9) . S s D(LxS) is the transition function. The model moves from state
s to s’ generating £ when it receives action a with probability T(*)(s)(¢,s') :=

(a)
Ts,@,s/ :

A path is a sequence in Paths = (S x A x £)*S representing a finite execution
of a MDP M, and a trace is a finite sequence in Traces = (A x £)* representing
a finite execution of a MDP for which we cannot see the states.

We denote by |p| the length of a path p, i.e. the number of observations in this
path, and by |o| the length of a trace o.

For i € Ny, we define X;: Paths — S, Y;: Paths — £, A;: Paths — A, and
O;: Paths — Traces respectively as X;(p) = s;, Yi(p) = 4;, Ai(p) = a;, and
Oi(p) = (a1,41) - - (a;, €;), where p = (s1,a1,€1) -+ (Sn; Gy bn)Sns1-

We denote by D(£2) the set of discrete probability distributions on 2. The Dirac
distribution concentrated at z is the distribution 1, € D(Q) defined, for arbi-
trary y € Q, as 1,(y) = 1 if x = y, 0 otherwise.



A path of length T can be built from a sequence v = s1...sp41 of states
and a trace o = a1ly ...apflp. A such pathis o:v:=s1a10y...spaplpspis.

We denote by I(p; M) the likelihood of a path p under a model M, and by
1(0; M) the likelihood of a trace o under a model M. We have:

ol

Ups M) = 7o, T 74 (s0) (L, 5041)

t=1
oy M) = Z l(o:~v; M)

~yeSlel

Hence:
ol

Inl(p; M) =Inm,, + ZlnT(‘“)(st)(Et, St41) (1)

=1
Now we define v,: S x {1.. T+ 1} = [0,1] and &,: S x {1..T} x S — [0,1] as

Yo(s,t) = P’I“M[Xt = s|Or = o],
Eo(s,t)(s") = PrVX, = s, X1 = §'|Or = 0]

Intuitively, v,(s,t) is the likelihood of being in state s at the t-th steps, and
&o(s,t)(s") is the likelihood that the t-th transition goes from s to s'.

We define the forward and the backward functions «,, 8,: Sx{1..T+1} — [0,1]
as

ao(s,t) = P?"M [letfl = 61 .. gtfl,Xt = S|A1;t,1 =aj.. at,l] 5 and
ﬁo(s,t) = P’/‘M[}/t;T = ét . -£T|Xt =S, At:T = Q¢ .. CLT] .

These can be calculated according to the following recurrences

m(s) ift=1
ao(s,1) = S a(s t—1) 7T (g, s) i 1<t<T+1

s'eS

1 ift=T+1
Bols:t) =1 5™ 7@ (s)(£y,8) - B(s',t+1) if1<t<T

s'eS

Thus:
(s, 1) Bo(s, 1)
o S7t =
el 1) = S (s 0Bl 1)

€o(s,1)(s") =

t
(
(s, 1) - T4 (8)(Uy, 8') - Bo(s',t + 1)
> ues Qo(u; 1)Bo(u, t)



3 Baum-Welch for MDP

On a given finite set O of traces, the Baum-Welch algorithm can be described
as repeating the two following steps until convergence:

1. Compute Q(M’, M) = ZZ]H 01 v; M) 1(~]o; M™).

vy o0€O

2. Set M+ = arg max Q(M’, M),
M/

Let M = (S, L, A, 7w, {7(D} ) and M' = (S, L, A, 70, {7 (D} 4c ).

First, noting that I(o : v) = I(0)l(y]o), we can write:

argmaXQ(MI M)y = argmax Z Zln v MO (7y|o; M™)
ocO v

= argmaxz Zln M) l(o v M™)
oe® v

Plugging (1) into Q(M’, M™)) we get:

QM , M™ ZZlnml v M)

0e® v

+ ZZZ]HT(C“) St et,8t+1) ( M(n))

oceO v t=1

Now we optimise with Lagrange multipliers (I, and l,a). Let L(M', M™)
be the Lagrangian:

LM M™) = QM M™)

iz

Y0 Z @ (5)(6,u) — 1

ses



3.1 Estimation of 7

First, let focus on the m,’s:

LM/, M) dQM', M™)

ofts B OTts T

v o0€O

s’ 0€O

T =

Z I(s1 = s,0; ./\/l(”))

0O
Hence: ( )
. l(s1 = s,0; M\™)
Fo= a
oeO
Furthermore:
AL(M’, M) )

By plugging (2) into (3) we get:

lp = Z Zl(sl =5, 0, M™)

ocO s’
And by plugging (4) into (2):
~ Eoe(’) l(31 = S,O;_/\/[(”))
Tg =
ZOGO Zs/ l(s1 =, 0; M(n))

2 ZOGO l(sl - S|0, M( L))
g =
ZOGO Zs/ l(sl - 8/|0’M(n))

Finally, using the previously defined coefficients:

=% (Z Zlnﬂ' s1)l ./\/l("))> — =
=5 <Z Zlnﬂ' I(s1 = 3’,0;./\/1("))) 1, =0

’ﬁ' — ZOEO ’70(8’0)
° Eoeo ZS’ES 70(8170)




3.2 Estimation of 7

Now, let focus on the 7 ZS, s:

OL(M, /\/l(n)) 0 ZZZIH (0: %M(n)) _ZT: —0

(a) (a)
85625 asaﬁs’ v 0€0 t=1

"o <at) > 2 Zln #) (st = w41 =u',0; M) | =10 =0

sﬂs 0€Q u,u’'e€S t=1

_ 2oco S (s = 8, 8001 = 8,0, M) - 14 (£,) - 14 (ay)

~(@ —le =0
Ts 2,8’
Hence:
< (a) > oco S U5 = 8,801 = 8,0, M) - 14(£,) - 14 (ay)
s,0,s" = L a (5)
Furthermore:
8L(MIvM(n)) ~(a
T OB PR (®
i u,l

By plugging (5) into (6) we get:

lo|
lra = Z ZZl(st = 5,501 = u,0; M™) - 1,(£,) - 1a(ay) (7)

0€O ul t=1
o]
=33 ise = 5,00 M™M) 14(ar) ®)
o€ t=1

And by plugging (8) into (5):

pla) > oco thoz‘l st = 58,8041 = 8,0, M) - 14(£y) - 14(ay)
: Soco Sy s = 5,0, M™M) - 14 (a)

ala) 2 0co |tO:‘1 U(s; = s, 8041 = 8'|o; MM - 1,(4;) - 14 (ay)
v 2 0co thozll I(s¢ = slo; M(M) - 14(ay)

Finally, using the previously defined coefficients:

@) Doco 2 €l 1)(8) - Le(le) - 1a(ar)

s,4,s"
EOEO Et:l ZSGS Yo(u,t) - 1a(ar)
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