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1 Introduction

This document describes the Baum-Welch algorithm [1] for Hidden Markov
Models.

2 Preliminaries

We define a Hidden Markov Model (HMM) formally as follow:

Definition 2.1 (Hidden Markov Model) A HMM is a tuple (S, L, 7, a,b)
where:

e S is a set of states,

L is a set of observations,

m = D(S) is the initial distribution i.e. the model starts in state s with
probability w(s) := 75,

a: S~ D(S) is the transition function. The model moves from state s to
s with probability a(s)(s') 1= as e,

b: S — D(L) is the generation function. In state s, the model generates £
with probability b(s)(£) := bse.

A path is a sequence in Paths = (S x £)*S representing a finite execution
of a HMM M, and a trace is a finite sequence in Traces = L* representing a
finite execution of a HMM for which we cannot see the states.
For i € Ny, we define X;: Paths — S, Y;: Paths — £, and O,: Paths —
Traces respectively as X;(p) = s;, Yi(p) = 4;, and O;(p) = €1 ---£;, where
p=(81,41)(s2,€2) - (Sn,ln)Sn+1 is a path.
We denote by |p| the length of a path p, i.e. the number of observations in this
path, and by |o| the length of a trace o.
We denote by D(£2) the set of discrete probability distributions on 2. The Dirac
distribution concentrated at z is the distribution 1, € D(Q) defined, for arbi-
trary y € Q, as 1,(y) = 1 if x = y, 0 otherwise.



A path of length T can be built from a sequence v = s1...sp41 of states
and a trace o = {1 ... ¢p. A such path is o : v := 51015905 ...s7lpST41.

We denote by I(p; M) the likelihood of a path p under a model M, and by
1(0; M) the likelihood of a trace o under a model M. We have:
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1(p; M) = o, [ [ alse)(sr41) x blse) ()

t=1
oy M) = Z l(o:~vy; M)

~yeSlel
Hence:
lol ol
Inl(p; M) =Inm,, + Zlna(st)(st_H) + Zlnb(st)(ﬁt) (1)
=1 t=1

Now we define v,: S x {1.. T+ 1} — [0,1] and &,: S x {1..T} x S — [0,1] as
Yo(s,t) = P’I“M[Xt = s|O = o],
£0(5,)(5") = PrMIX, = 5, Xo1 = /|0 = o]

Intuitively, v,(s,t) is the likelihood of being in state s at the t-th steps, and
&o(s,t)(s") is the likelihood that the ¢-th transition is from s to s'.

We define the forward and the backward functions «,, 8,: Sx{1..T+1} — [0,1]
as

(s, t) = PrM Yii-1=401..0,_1,X; = 5], and
Bo(s,t) = Prt Yoy = b . . 07| X; = 5].

These can be calculated according to the following recurrences

(s) ift=1
(50 =43 a(st = 1) a(s)(s) - b(s) (1) H1<E<T+1
€s

™

1 ift=T+1
Bols:t) = Y b(s)(6e) 3 als)(s') - B(s',t+1) if1<t<T
s'eS
Thus:
_ ao(s,t) Bo(s,t)
70(53t) - ZUGS ao(u,t)ﬁo(u, t)

0o(8,t) - as,s - bs e Po(s’, t+1)
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3 Baum-Welch for HMM

On a given finite set O of traces, the Baum-Welch algorithm can be described
as repeating the two following steps until convergence:

1. Compute Q(M’, M) = ZZ]H 01 v; M) 1(~]o; M™).

vy o0€O
2. Set M+ = arg max Q(M’, M),
M/

Let M = (S, L, 7, a,b) and M’ = (S, L, #,a,b).

First, noting that I(o : v) = I(0)l(y]o), we can write:

arg max Q(M’', M™) = argmax Z Zln MO 1(y|o; M™)
M ocO ~v
= argmaXZ Zln M) 1(o : v; M™)
0e® v

Plugging (1) into Q(M’, M(™) we get:

QM M™) =33 "Ins,, l(o:y; M™)

oeO® v

+ZZZlna St 8t+1 ( M(n))
oeO v t=1

JrZZZlnb s¢) (L) Lo = ; ./\/l(n))
0e® v t=1

Now we optimise with Lagrange multipliers (I, l,. and Iy, ). Let L(M’, M)
be the Lagrangian:

LM, MM = QM M™)



3.1 Estimation of 7

First, let focus on the m,’s:

LM/, M) dQM', M™)

ofts B OTts T
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T =

Z I(s1 = s,0; ./\/l(”))

0O
Hence: ( )
. l(s1 = s,0; M\™)
Fo= a
oeO
Furthermore:
AL(M’, M) )

By plugging (2) into (3) we get:

lp = Z Zl(sl =5, 0, M™)

ocO s’
And by plugging (4) into (2):
~ Eoe(’) l(31 = S,O;_/\/[(”))
Tg =
ZOGO Zs/ l(s1 =, 0; M(n))

2 ZOGO l(sl - S|0, M( L))
g =
ZOGO Zs/ l(sl - 8/|0’M(n))

Finally, using the previously defined coefficients:

=% (Z Zlnﬂ' s1)l ./\/l("))> — =
=5 <Z Zlnﬂ' I(s1 = 3’,0;./\/1("))) 1, =0
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3.2 Estimation of a

Now, let focus on the as ¢’s:

lol
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Hence:

N Y oco Zgl I(s¢ = 8,8041 = 5,0, M)

s,8 I
as

1 n)
a(-/\/all—a/\/l (Zasu - ) = (6)

By plugging (5) into (6) we get:

|o]
laa = Z ZZ l(St =S,St+1 = U, O;M(")) (7)

ocO u t=1

Furthermore:

And by plugging (7) into (5):

>oco o 151 = 8,8041 = 8, 0; M)
200 2ou thz‘l I(s; = 8, $141 = u, 0} M™)
ZOEO Z|t0:|1 I(sy = 8, 8141 = §'|o; M(n))

2oco Z;‘soz‘l I(s¢ = s|o; M)

Finally, using the previously defined coefficients:

Gs s =
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o Loco Xt &o(5: ()
’ Zoeo Zleo:|1 Yo(s:1)




3.3 Estimation of b

Now, let focus on the by ¢’s:

, (n) o] .
OLM M) 0 (SSSS S lafhy, o lifo v M) | — 1, =0

8357[ - ai)s,[ v o€e0 t=1
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Hence:

ZOEO Z|to:|1 (st = s,0; M(n)) < 1o(ly)
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) I

S
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OLM' MM , B
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By plugging (8) into (9) we get:

|o]
Iy, = Z Zl(st = s,o;./\/l("))

oe0 t=1

And by plugging (10) into (8):

i _ Loco Lt Lelle) - Use = 5,0 M™)
T Seeo X is = 5,0 M)
b, — Loco Ll Lells) - Use = slos M)
T Saco S Use = slo; M)

Finally, using the previously defined coefficients:

Furthermore:

5 _ Toco Nidi Lelle) o(s:1)
> oco thozll Yo (8, 1)
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