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1 Introduction

This document describes an extension of the Baum-Welch algorithm [1] for
Multiple Gaussian observation Hidden Markov Models.

2 Preliminaries

A Multiple Gaussian Observations Hidden Markov Model is a GoHMM where
each state contains n several Gaussian distributions that all generate an obser-
vation. We say that n is the degree of the MGoHMM. Hence, while a GoHMM
trace is a sequence of real numbers, a trace for a MGoHMM of degree n is a
sequence of sets of n real numbers.

Definition 2.1 (Multiple Gaussian Observations Hidden Markov Model)
A MGoHMM is a tuple (S, 7, a,n,{0s}ses) where:

e S is a set of states,

m = D(S) is the initial distribution i.e. the model starts in state s with
probability w(s) = ms,

a: S — D(S) is the transition function. The model moves from state s to
s with probability a(s)(s') = as s,

n is the degree of the model,

0, = {99), . ,9£n)} are the parameters used by the n Gaussian distribu-

tions to generate the observations while in state s, where 95“ = {ugi), ogi)}.

In this context, an observation is a set of n real numbers ¢ = {E(l), ‘e ,E(")},

where (V) is generated by the Gaussian distribution of parameters 9§i), with s
the current state.



We denote by b(s)(¢) (or shortly bs ¢), the likelihood that the model generates
{ € R™ while in state s, is :
n () _g(i) \?
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b(S)(g) = H T\/ﬂ e ggi)

i=10s

A path is a sequence in Paths = (S xR™)*S representing a finite execution of
a MGoHMM M of degree n, and a trace is a finite sequence in Traces = (R™)*
representing a finite execution of a MGoHMM for which we cannot see the
states.
We denote by |p| the length of a path p, i.e. the number of observations in this
path, and by |o| the length of a trace o.
For ¢ € Ny, we define X;: Paths — S, Y;: Paths — R", and O;: Paths —
Traces respectively as X;(p) = s;, Yi(p) = ¢, and O;(p) = £1---£;, where
p = (s1,01)(82,02) - (Sn; ln)Snt1 is a path.
We denote by D(€2) the set of discrete probability distributions on Q. The Dirac
distribution concentrated at x is the distribution 1, € D(Q2) defined, for arbi-
trary y € Q, as 1,(y) = 1 if x = y, 0 otherwise.

A path of length T' can be built from a sequence v = s7...sp41 of states
and a trace o = {1 ...0p. A such path is o: v := s1015905...57lpST41.

We denote by I(p; M) the likelihood of a path p under a model M, and by
I(0; M) the likelihood of a trace o under a model M. We have:
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1(p; M) = g, [T @) (s151) x b(s1) (€2)

oy M) = Z l(o:v; M)

~yESlel
Hence:
lol |ol
Inl(p; M) =Inn,, + Zlna(st)(st+1) + Zlnb(st)(ﬁt) (1)
t=1 t=1

Now we define v,: S x {1.. T+ 1} = [0,1] and &,: S x {1..T} x S — [0,1] as
Yo(s,t) = Pr/M([X; = s|Or = o],
Eol(s,t)(s") = PrM[X, = 5, X1 = 8|07 = 0].
Intuitively, v,(s,t) is the likelihood of being in state s at the t-th steps, and
&o(s,t)(s’) is the likelihood that the ¢-th transition is from s to s'.

We define the forward and the backward functions «,, 8,: Sx{1..T+1} — [0,1]
as

o(s,t) = PrYiy_ 1 =4€,..4,_1,X, = s], and
Bo(s,t) = Pr Yo =ty 07| X, = s].



These can be calculated according to the following recurrences

m(s) ift=1

> a(st—1) -a(s)(s) b(s)(lim1) H1<t<T+1
s'eS

1 ift=T+1

> als)( $)(l) - B(s t+1) f1<t<T

s'eS

Thus:
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o(8,t) - ass - bse - Bo(s,t)
2ues @o(u, t)Bo(u,t)

Yo(s,t) = S

€o(s,1)(s") =

3 Baum-Welch for MGoHMM

On a given finite set O of traces, the Baum-Welch algorithm can be described
as repeating the two following steps until convergence:

1. Compute Q(M’, M) Z Z In [l M) 1(v|o; M™).

vy 0€O

2. Set M+ = arg max Q(M’', M™).
M/

Let M(n) = <S,’/T, a, {05}365> and M' = <S,7?(',CAL, {és}s€S>'

First, noting that I(o : v) = I(0)l(y|o), we can write:

argmaxQ(M' M) = arg max Z Zln MO 1(~]o; M™)
M 0e® v
fargmaxzzm M) 1(o: ;3 M™)
0e® v

Plugging (1) into Q(M’, M(™)) we get:

QM. M(n) Z Zlnﬂa 0: ,Y;M(”))

ocO v
+ ZZZIDCL St St+1 ( V’M(n))
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|o]
T Z Zzlng(st)(&) Z(O : 'y;/\/l("))
oe® v t=1



Now we optimise with Lagrange multipliers (I, and I,,). Let L(M’, M)

be the Lagrangian:

LM, MM = QM , M™) — 1, (Z Fe— 1) > la,
ses seS
3.1 Estimation of 7

First, let focus on the m,’s:
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Hence: ( ( ))
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Furthermore:
AL(M', M) )
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By plugging (2) into (3) we get:

e = Z Zl(sl =5, 0, M)

ocO s’
And by plugging (4) into (2):

Yoo l(s1 = 5,00 M™)

TS o (s = s, 0, M)
Zoeol(sl = 3|0§M(n))

Y oco 2o L(s1 = 8'lo; M)

Finally, using the previously defined coefficients:
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3.2 Estimation of a

Now, let focus on the a; ’s:
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Furthermore:
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By plugging (5) into (6) we get:
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And by plugging (8) into (5):
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Finally, using the previously defined coefficients:
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3.3 Estimation of b
3.3.1 Estimation of p
First, notice that:

Inbd(s)(¢) =1n
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Furthermore:
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So:
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Finally, using the previously defined coefficients:
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3.3.2 Estimation of o,

From (10) we have:

O0lnb(s)(¥ 1 i . 2
; (@))( ) _ B ((z( ) )2 — g ) (14)
o ol
As usual:
|o]
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And, from (14):
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Hence we have:
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Then, by isolating &, on the right side:
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Finally, using the previously defined coefficients:
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